Abstract-In this talk, we analyze how expert knowledge can be used in solving the seismic inverse problem.
I. SEISMIC INVERSE PROBLEM
To determine the geophysical structure of a region, we measure seismic travel times and reconstruct velocities at different depths from this data. There are several algorithms for solving this inverse problem; see, e.g., [6] , [9] , [14] .
II. SEISMIC INVERSE PROBLEM IS AN ILL-POSED PROBLEM
The main practical problem with the existing algorithms is that the inverse problem is ill-defined: large changes in the original distribution of velocities can lead to very small changes in the resulting measured values. As a result, based on the same measurement results, we may have many different velocity distributions that are all consistent with the same measurement results.
III. DRAWBACKS OF THE EXISTING ALGORITHMS
Usually, because of this non-uniqueness, the velocity distribution that is returned by the existing algorithm is usually not geophysically meaningful: e.g., it predicts velocities outside of the range of reasonable velocities at this depth. A geophysicist looks at this distribution, and tries to adjust the initial approximation so as to avoid this discrepancy between the actual distribution and the geophysical knowledge.
This adjustment usually requires several iterations. It is a very time-consuming process, because there is no algorithmic way of adjusting the initial data, only heuristic recipes, and as a result, each adjustment requires many time-consuming trial-and-error steps. Moreover, because of the non-algorithmic character of adjustment, it requires special difficult-to-learn skills; as a result, the existing tools for solving the seismic inverse problem are not as widely used as they could be.
IV. IT IS NECESSARY TO TAKE EXPERT KNOWLEDGE
INTO CONSIDERATION To enhance the use of the seismic data, it is imperative to make the corresponding tools more accessible and their handling more algorithmic. To achieve this goal, we must incorporate the expert knowledge into the algorithm for solving the inverse problem.
V. EXPLICIT EXPERT KNOWLEDGE: INTERVAL UNCERTAINTY As we have mentioned, one of the reasons that the mathematically valid solution is not geophysically meaningful is that at some points, the velocity is outside the interval of values which are possible at this depth for this particular geological region. To take this expert knowledge into consideration, we can simply describe these intervals of possible data and modify the inverse algorithms in such a way that the velocities are always within these intervals.
So, first thing we do is modify the inverse algorithm in such a way as to take this interval uncertainty into consideration. How After this additional step, we perform the next iteration, etc.
VII. EXPLICIT EXPERT KNOWLEDGE: FuzzY UNCERTAINTY
Experts are often not 100% sure about the corresponding intervals. They can usually produce a wider interval of which they are practically 100% certain, but in addition to that, they can also produce narrower intervals about which their degree of certainty is smaller. As a result, instead of a single interval, we have a nested family of intervals corresponding to different levels of uncertainty -i.e., in effect, a fuzzy interval (of which different intervals are a-cuts).
So, instead of simply saying that a given solution to the seismic inverse problem is satisfying or not, we provide a degree to which the given solution is satisfying -as the largest a for which the velocity at every point is within the corresponding a-cut intervals.
VIII. How WE CAN USE FuzzY UNCERTRAINTY
How can we incorporate the fuzzy information into the inverse method? A natural way to do it is as follows: instead of simply getting a solution in which all the slownesses belong to the guaranteed (wide) intervals corresponding to a = 0, we try to find the largest possible value a for which all the slownesses belong to the corresponding (narrower) a-cuts.
We can find such a, e.g., by simply trying a = 0, a 0.1, a = 0.2, etc., until we reach such a value of a that the process no longer converges. Then, the solution corresponding to the previous value a -i.e., to the largest value a for which the process converged -is returned as the desired solution to the seismic inverse problem.
Comnment. What we have just described is the basic straightforward way to take fuzzy-valued expert knowledge into consideration. Several researchers have provided other ideas for successfully using fuzzy expert knowledge in geophysical problems; see, e.g., [2] , [4] , [10] and references therein. We plan to add some of these ideas to our modified algorithms.
IX. IMPLICIT EXPERT KNOWLEDGE: INTERVAL UNCERTAINTY
In other cases, for each 3-D point, the reconstructed velocity is within the corresponding interval, but the geophysical structure is still nor reproduced right. In such cases, it is difficult to explicitly describe, to a computer system, what exactly is wrong, but often, we can describe it implicitly. Namely, the seismic inverse algorithm -like many other algorithms for solving the inverse problem -is based on the assumption that the measured errors are independent and normally distributed. As a result, as a criterion of how well the velocity model fits the measurement results, these algorithms use of mean square
where N is the overall number of measured traveltimes, xi is the i-th traveltime according to the model, and xi is the measured traveltime. For geophysically adequate reconstructions, this mean square error is indeed reasonably small, and the individual differences xi -xt are indeed more or less normally distributed. On the other hand, for geophysically meaningless models, while the mean square error E is also small, several individual differences ixi -xl are very large in comparison with the others -so that the resulting empirical distribution of these differences is far from normal.
To The above ill-posedness of the seismic problem is a common feature in applications: most inverse problems in science and engineering are ill-posed; see, e.g., [12] . f(ni, n2) . Thus, if the conditions describing the fact that the unknown velocity distributions is consistent with the observations is also described by linear or, more generally, smooth inequalities, then the problem of finding the regularized solution can be reformulated as a problem of minimizing a convex function J on the convex set.
Similarly, if we fix the degree of non-smoothness and look, among all the solutions with a given degree of nonsmoothness, for the one that is the closest to the original approximate solution, we also have a problem of minimizing a convex function (distance) on the convex set (of all functions that are consistent with the observations and have the desired degree of smoothness).
It is known that, in general, the problems of minimizing convex functions over convex domains are algorithmically solvable (see, e.g., [13] ), and smoothness-based regularization has indeed been efficiently implemented; see, e.g., [12] .
A
.VI. FOR THE SEISMIC INVERSE PROBLEM, WE ONLY HAVE PIECEWISE SMOOTHNESS
In geophysics, we have clear layers of different types of rocks, with sharp difference between different layers, so we face an inverse problem with only piecewise smoothness; see, e.g., [9] .
A.VII. TRADITIONAL SMOOTHNESS MEASURES ARE NOT ADEQUATE FOR PIECEWISE SMOOTHNESS
In the piecewise smooth case, the above measure of nonsmoothness is not applicable, because it would include neighboring pixels on the different sides of the border between the two layers.
A.VIII. APPROPRIATE SMOOTHNESS MEASURES FOR
PIECEWISE SMOOTHNESS CASE To avoid the above problem, we need to only take into account the pairs of neighboring pixels that belong to the same zone (layer), i.e., consider the sum J(Z) = e PI,' are neighbors in the same zone where Z denotes the information about the zones. This measure makes computational sense only if we know beforehand where the zones are -i.e., where is the border between the two zones.
However, in real life, finding the border is a part of the problem. In this case, we can use the same smoothness criterion not only to reconstruct the original velocity distribution, but also to find the border location. Specifically, we want to look for the zone distribution and for the zone location for which the above criterion J takes the smallest possible value.
In other words, we fix the number of zones, and we characterize the non-smoothness of an velocity distribution by a criterion J*= miin J(Z).
all possible divisions Z into zones
A.IX. THE RESULTING PROBLEM IS No LONGER CONVEX
The resulting functional is no longer convex, because the division into zones is a discrete problem. It is known that non-convex problems are, in general, more computationally difficult than the corresponding convex ones (see, e.g., [7] ), and adding discrete variables makes the problems even more computationally difficult; see, e.g., [11] .
A.IX. COMPLEXITY OF PIECEWISE SMOOTH INVERSE PROBLEMS
In the following sections, we show that in general, the inverse problem for piecewise smooth case is computationally intractable (NP-hard) even when the relation expressing the consistency between the measured results and the desired velocity distribution is linear. This proof will follow the proof of NP-hardness of different signal processing problems described in our previous publications [3] , [8] .
Let us prove that in general, the inverse problem for piecewise smooth case is computationally intractable (NPhard).
A.X. MAIN IDEA OF THE PROOF: REDUCTION TO A SUBSET PROBLEM
To prove NP-hardness of our problem, we will reduce a known NP-hard problem to the problem whose NP-hardness we try to prove: namely, to the inverse problem for piecewise smooth velocity distributions.
Specifically, we will reduce, to our problem, the following subset sum problem [8] , [11] that is known to be NP-hard: * Given: * m positive integers si,... , s, and * an integer s > 0, . check whether it is possible to find a subset of this set of integers whose sum is equal to exactly s.
For each i, we can take xi = 0 if we do not include the i-th integer in the subset, and xi = 1 if we do. Then the subset problem takes the following form: check whether there exist values xi E {0, 1} for which E si = S.
We will reduce each instance of this problem to the corresponding piecewise smooth inverse problem.
A.XI. REDUCTION TO A SUBSET PROBLEM: DETAILS Let us consider the following problem. We want to reconstruct an m x m velocity distribution f(nl,n2). Let So, if we can solve the inverse problem for piecewise smooth velocity distributions, we will thus be able to solve the subset sum problem.
This reduction proves that the inverse problem for piecewise smooth velocity distributions is indeed NP-hard.
